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Motivating application
B ROBOTICS: ROBOT LOCOMOTION

1

maximize task progress
policy

Figure Al

subject to safety > margin

CHALLENGE: constraint satisfaction |




Context

B SUCCESS STORIES OF RL
Go/Atari game, drone/car racing, LLMs, etc.

B LESSONS LEARNED

» importance of policy optimization
simple; scalable; model-free

x non-convex; optimality w/ one performance metric
reward

« difficult for multiple performance metrics

B WHAT NOW ?
» applications: robotics, healthcare, finance

+ policy optimization: tremendous advances



OBJECTIVE

find a policy that
maximizes a performance metric
subject to a constraint on
another performance metric




Framework of RL

B CONSTRAINED MDP
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m . S (states) — A (actions) — a policy

Vi (p) :==E[> 72 gv'r(se, ar) | so ~ p] — reward value function

q

VI(p) :=E[> 72 g7 g(se,ar) | so ~ p] — utility value function



Constrained policy optimization

maximize V™ (p) —  standard objective

T

subject to VIi(p) > 0

policy constraint

= limit the policy space to an inequality constraint



B 2-D LEVEL NONCONVEX CURVES

optimal, but infeasible

feasible region

optimality w/ feasibility

— init. dependent & stochastic



Lagrangian approach

Lagrangian: L(w,\) = V7(p) + A\V](p)
Lagrange multiplier: )\ (>0)

composite reward: r + \g

B POLICY OPTIMIZATION

max}rmize Viiiag(p)

multiple solutions, but infeasible

scalarization fallacy



Primal-dual method

primal problem: maxumze mlnl/\mlze Vi ag(0)

dual problem: mlnl}\mlze max1mlze V.5 ag(P)

B MIN-MAX POLICY OPTIMIZATION

strong duality — exchange of min and max

mlnl}\mlze maxnmze Vi g(p) = maxnmze m1n1>\m1ze Vi s g(P)

OBJECTIVE: find a minimax point (7*, \*)




B SIMULTANEOUS ASCENT-DESCENT

policy ascent direction: V.V, , ()
dual descent direction: Vv,V (p)
™ o~ 1 + VeV, 0
AT = X = VL)

single-time-scale w/ stepsize

7 (7 =0.66)



CHALLENGE

single-time-scale primal-dual methods
in face of nonconvex Lagrangian




Glimpse of our efforts

policy convergence w/ (sub) linear error rate

B REGULARIZED POLICY GRADIENT PRIMAL-DUAL METHOD
«~ tabular dimension-free

» function approximation up to approx. error

B OPTIMISTIC POLICY GRADIENT PRIMAL-DUAL METHOD
~ tabular problem-dependent

DWZR, NeurlPS 2023
DHR, AISTATS 2024
R*D*MR, AAAI 2025



Regularized method



Regularized Lagrangian approach

entropy-like term: #(r) = E

> =y logm(as | St)]

t=0

B REGULARIZED LAGRANGIAN

Lo(m,A) = VI ag(0) + 7 (H(m) + 30%)

add stabilizing regularization

OBJECTIVE: find the regularized minimax point (7%, \¥)

T T

» T-near minimax point of V", , (p)



Two pillars

B Q-VALUE FUNCTION

o0
Z rytr(sta Clt)

t=0

Q;r(s’ (1) =

S():S,CL():CL]

B STATE VISITATION DISTRIBUTION

dg, ( Z Y P™(s; = 5| 50)

« expectation d7(s) = Eq,~, [dT ()]



Regularized policy gradient primal-dual method

policy ascent direction: Q7F (s,a) = QJ \, ,1.(50)

dual descent direction: V[ (p) + 72

B SINGLE-TIME-SCALE PRIMAL-DUAL UPDATE

T (|s) = argmax (x'(-]s), QL (s,)) — ;me

' €A,

1
At = argmin N (V7(p)+7N) + — O\ — \)?
tgmin A'(VgT(p) +74) + 5 (X = A)

~ restricted policy set A, = {p, > €, Va}




Non-asymptotic last-iterate performance

distance of (7, \;) to (7, \5): E

T T

1
KLy (2, )] + 5 (0 = A2)2

*
swd:,r'r

Theorem (informal)

% distance of (7, \,) to (77, \*) is bounded by

T T

n
-

e 1Tt 4

exponential decay up to a ratio

x e-near regularized minimax point requires

1 .
n=cer and t = — sublinear rate
€T



optimality gap: V(o) — V;(p)

feasibility gap: 0 — V" (p)

Implication (informal)

* e-optimality gap & e-feasibility gap require

1 . n
= iterations
€

sublinear rate

stepsize n = €*

regularization 7 = €2



Distance of primal-dual iterates to (7, \})

\ Step #1: performance difference & MWU \

(Lo (5 ) — Le(m, M) |

< *

Eswdﬁ (7 (- |s) = (-] 5), :i,\tg,m(s, N] = 7E s [KLi(s)]

s~d,

1
S B, g [KL(S) ~ KL (9)] + 9(C:)? = 7B

P

[KLi(s)]

Tx
sevdpy’

_ 717 [(1 —17)KLi(p) — KLi+1(p)] + n(Cy)?



| Le(m, M) = Ly(mi, MY

[(1=07) (A2 = A) = (AF = Meqa) |+ n(C7)?

\ Step #2: saddle point property & geometric series \

n (L (77 i, A5) ) + [ KL (p) + 5 (A5 = Aeg1)?

S (1= 07) (KLi(p) + 5(A5 = A)?) |+ 0 max ((Cr)%, (C1)?)

+(772(1+(1 —n7) + (1 f7/7)2+--~))max((CT)2,(C;)2)



Sublinear convergence

Yallme(-1s) =7 (- 9)]?
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Vi (p)
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B ACCURACY VS OSCILLATION TRADE-OFF



Optimistic method



Optimistic policy gradient primal-dual method

(7, )
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3t
(7T, A7) —— (#F,A1)

policy ascent direction: i+5\g(s, a)
dual descent direction: V7 (p)
policy ascent direction: Q7. (s,a)

dual descent direction: V" (p)



B SINGLE-TIME-SCALE PRIMAL-DUAL UPDATE

prediction step

™ 1 R
(- Is) argmax (r'(-]5), QT ag(s,7)) = o 7" = 73
' eA n
1 .
5 argmin \'V,(p) + — (N = \)?
NeEA 2n
real step
At _ / T 1 / ~ 112
F(1s) = argmax (2'(-]s), QEiyyls:)) — o I — 72
e A : n
1+ . 1t 1 1 31)\2
AT = argmin NV (p) + —(N =)
NeEA 2n




Non-asymptotic last-iterate performance

distance of (7;, ;) to IT* x A*: E, . g5 [ Dist, (f, 1) | 4 Dist(A, A*)

Theorem (informal)

* distance of (7, \,) to IT* x A* is bounded by

(<)

exponential decay to zero

problem-dependent constants C, n



optimality gap: V(p) — V" (p)

feasibility gap: 0 — V" (p)

Implication (informal)

* c-optimality gap & c-feasibility gap require

1. :
log? - iterations
€

linear rate

problem-dependent



Linear convergence

Yol 1s) =7 (- 9)]?
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Comparison of primal-dual methods
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Comparison of primal-dual methods
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Summary

B SINGLE-TIME-SCALE PRIMAL-DUAL METHODS

= regularized policy gradient primal-dual method
» optimistic policy gradient primal-dual method

» non-asymptotic last-iterate policy convergence

B ON-GOING EFFORTS

» constrained policy optimization w/o exploration

x more practical considerations



Thank you for your attention.



Intuition of exponential decay



Distance of primal-dual iterates to II* x A*

\ Step #1: monotonic decreasing distance \

O = Eoap Il 19) — P Gl 1D + 5 (3o = Pac )
t—ZSngﬂ'tS I (7e(- | S 2t Ax (At
1/« 2
B I 15) = ma (19 + 5 (= 2n)
> O+ ¢
= t+1 16\;

1 . 9 1 /- 2
= FEamap [ Cls) =m( [ + 5 (A = N)

1 R 1
5B I 1) = mC )P + 5 (R = A)’



\ Step #2: lower bound of ¢; ‘

1 R 1 /s 2
G 2 Eanap 71l 8) = m( )2 + 1 (Aesr = X)
~ . 2
[L(Wa At1) = L(Te41, )\)}
2 +
+n sup - 5
"N max|(7(- | 5) = Faa ([ 9)]| + X = A
~ ~ 2 3 3 2
2 By g (- 18) = P Graa G LsDI? + (Aesr = Pas(hen) )
2 772@t+1

problem-dependent constant

= |01 S O — 7?0141




